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MAT336 Homework 1

1 a Prove by induction that la tacet to it local local loan

Let n 1 Then local it local is trivially true

Now let the inductive hypothesis be that the inequality holds for n k

lay t sa t t seal it local local local

Preposition The inequality holds for n kt1

1kg Ket a o t seal it local local t locktel

Pf The triangle inequality states A B I Al IBI

Setting it so seat toy and B arty I get

1Ej
By the triangle inequality

ka t i t an date I lay tocal lante

Now since I said that loan and I laal tl and in our

inductive hypothesis I can repress the above as

locat tocate i local local lanty

In provingthat the inductive hypothesis holds for not I showed that the
resultholds for cell integers n 71

b An infinite decimal x Q0 Ayaz is eventually perrode if there are positie
integers a and k such that aity Qi for all ian Show that any decimel
expansion which is eventually perrode represents a rational number

Suppose a Qo.de are becomes k perodre after the nthdigit i.e there exist

positive integers a and b for which antite ont for all 0 I show that se is

rational by shifting the decimal to begin right at the repeating block

10 x 0001 an_y Ananty entz
Now the decimal expansion starts exactly where the repeating digits begin

I multiply once again to obtain one repeat sequence to the left of thedecimal



10410 2 10 the Road On 1 anOath Anak t Anant 1 91 2 00

he remainder here is alsothe remainder for 10 50

107ᵗʰ x 10 2 gets rid of the repeating remainders Thus the result is an intog
that I can call c Then 10 the 10 c Rearranging

x 1044

Thus since both c and 40ᵗʰ 10 se are integers a is a ratio of integers
In other words a is rational

c Show that the two formulations of the Archimedean property are

equivalent

Formulation 1 Formulation 2

Assume that for every x y 0 there is an n IN such that nae 4

et 2 0 and take a 2 and y 1 Thus n IN a nz 1 This implies

that a Now I should be able to choose a k so that 10ᵗʰ 1
Since is positive I can indeed find k that satisfiesthis because 10ᵗʰ
approximates zero as k grans So there has to be a 10ᵗʰ

Formulation 2 Formulation 1

let x y 0 Set 2 so 2 0

By this formulation ke I 10ᵗʰ 2 Thus 10 dec y
Since 10h can be replaced by for some large n E IN it mustbe
the case that na y So the first formulation is satisfied

2 Describe on algorithm to adding two infinite decimals x andy which

uniquely defines an infinite decimal representing a y andwhich also gives
the correct result when se and y are rational numbers

et x 20 x 2223 and y yo Y yay where do ord yo are integers

and the rest are digits 0 9

IAdd each index from left to right
So do 40 S Kitty etc



Since 5 represents the first decimal place is s 770 1 carries backwardand
increases the integer sum
The same is true for sa If sa ee t ye 340 1 is added to 51
If this operation makes 51 reach 10 1 is carried backward to so the
integer part

Note that once you have carried 1 into se from s2 S1 is never again
changed by future steps That is a carry from digit sz only goes as far as
52 and so on

This procedure yields a unique infinite string of decimal digits
50 545253000

Nu exel mp Take 2 12.956 4 3.049

Integer part is 12 3 15

First decimal is 9 to 9 15.9
Second decimal is 5 4 9 15.99
Third decimal is 6 9 15 therefore

16.005

Up to the 4000ᵗ dhecimalplace the sum is 46.005 We see in thisexample
that each digit can be adjusted at most once In an infinitedecimal

each new carry affects onlythe most recently computeddigit so no digitevergets
changed a second time

3 Suppose that it and B are two nonempty subsets of the real numbers Show the
it supa supB then there exists on element b E B that is an upperboundfor
A Give an example to show that this is not always the case if we only assume
SupA supBo

A visualization
A_pB if Sept supB

1 et
p

it spA spB there is
no b E B spot

e anywhere

here

supitsbesupBF.EE
eRi2xax113andB hbeR13 be133

n this case supit 47 and supB 13 so sept 5 supB



n upper bound to it is any b sapit

Since supA 5 sepB we can say that if supt b supB b is a validupper
bound to it
Applied to my example then we can pick any b E IR thatmeets 115 b 513 This
will remain an element of B since it is smaller than supB
Note no matter where infB is if supit supB then we know that theremust be an

arbitrarilysmall shared set A n B a a EA la e B
In this case b 12 is both a partof B and an upper boundfor A

possibility that supt spB
Logically there cannot exist any b EB that is different to suptandstill an upperbound
In fact the only element of B that is an upperbound in this case is the supremum
of B itself

4 A set B is said to be dense in IR if an element of B can befound between
any two real numbers a b Which of thefollowingsets are dense in IR Prove

why they are or are notSuppose that pe I and q IN in every case

e The set of all rational numbers Pg with 540

Call this B p E I q e 1,2 110

The smallest possible value of By is 0.1 So in any internal
Or a b 0.1 By cannot appear This By is not dense in IR

b The set of all rationalnumbers Pq with q a power of 2

Call this Be In p E I n IN

The range of this is OK By id You can this reach any arbitrarily

small range in this set by taking a sufficiently large n to make the
denominator huge and arrive at a tiny decimalexpansion

n other words given a b you can choose a large enoughthat b a

You can then pick an integer p so that In lies directlybeteen a and b
Here B2 is dense in IR

c The set of all rational numbers with 10 pl q



Call this B3 p EZ q EN q 10 pl

Let's inspectthe smallest value of B which occurs at the largest denominatorq 10101

then Eg Fap So for p 0

We run into the same problem we did before where there is a range around zero
which this set is not a partof let's say that we took a 001andb 0.01 B3
can never reach any number as Barb
Thus By is not dense

5 Let D denote the set of all finite decimals
a Let x y IR Prove that a y sup atb a b E D Q Ix buy

For any a Dr and b e Dy we know ease and bey This
a b Katy
Thus set y is on upperbound of a tb

To check whether this is a supremum I show that

to any E O Q E De beDy 7 atb sety E
Visualized

Raffettocty
Since a can approximate se arbitrarily closely from below because x supDa and
b can approximate y y supDy I choose a with as a and b

with b y atb be E 4 E
Thisshows that atb can get arbitrarilyclose to acty from below proving
that sety is the supremum of the set atb Qe DaibED
b Suppose that so y IR are positiveShow that

xy sup ab a beD O IQ Is Oib Ky

For any Q E D and be D S.t Or era and Orbery we know that ab racy
Here seymust be an upper bound to the set ab

To show whether see is a supremum I let E 0 and note that
Q E D bed 7 a x d andb y 6 where 5 0 is smallenough to ensure

a 5 y s axy E Then



ab a 8 y o ay E

We can say that no number smaller than acy can be an upperboundof tab
proving that a y is thesupremum

c Howdo we define multiplication in general
I propose a general precease definitionof multiplication in IR

Eee
We already know that for non negative numbers
x y suphab a b ED Orary Otb EY

it is intuitive to state that ay l'd tell
Where lallyl is the productof their absolute values triviallydefined

is intuitive to statethat ay lad 141

T.ititiFtnat0y oad0e o

Thus overall I propose thegeneral definition ofmultiplication for all real
numbers x y IR

a

suptab a b E D Oreilal Ok bilyl if so so

lodilyl if see 0 and y o or vice versa

bd lyl if x y O
O if x 0 or y 0

6 For the following sets find the supremum and infinum Which have a max or

min

a A a a a E Q a 0

at a at k Fa Va 2 a

Since To I Ea 1 I can say at at a f 2



Ly No siree this term is rorsed to the peer of 2 it's alwayspositic

Va 70 This a 22

L a is only 2 when a 1 Thus intat 2 and the
minimum of A is at 2 as well act is defined in the set

b B a 2n Q E Q 0.15955

I'll treat this like a function and use calculus to analyse it's properties

f a at La
La f 0.1 Of 2 7 5.1

Ls f 5 5 2 5 0.1 5.1

Tofind the criticalpoint f a 1
2 2

Setting f a 0 gives 1 212 202 1 a

Since lies in 10.1.51 it's valid

71 2 The 52 1.414

1 51485.1 so this must be a local minimum

To determine whether this is an intimum and or a minimum I
observe that

f does not satisfy the constraints defined in B because

is not rational So there is no minimum of B

However because Q's are dense I can choose rationalvalues

of a that get arbitrarily close to 152 in turn making f a

arbitrary close to what I said was its local minimum

Hence inf B 12

To determine whether B has a supremum and or a maximum I note that

On both rationalendpoints of it's rage 0.1 and 5 f a 5.1



Thus supB 5.1

That this supremum is reachable it's at rational a's implantly means
that there is a maximum so MaxB 5.1

c C ace a EIR

I perform a similar analysis as in part b above

Let g x xé a IR Then g x e 1 x

glx 0 é 11 x 0 é 0 and 1 2 0 in both

cases x 1

Is g 1 1 ét a local maximum

Behaviour as a a

As a p e's so so xé 0 from above

As x e x remains negative but is positive so xé d

We knowthat the function can become arbitrarily negative and it has
a single peak at x 1 So
SupC and since 2 4 IR the constraint on Cis met and this
is a maximum

inf so there is no intimum implicitly also no minimum


