
 

 

 

 

 

 

 

 



 FlipZaleski 1008241500 5.02.202

MAT336 Homework 2

Section 2.4 Exeerse C

I use a proof by contradiction to illustrate that LarM underthegiven conditions

I assume that L M the contrary This allas me to say that E 0

Now since L Lima an and M Limobn there must exist indrees Ne andNzsuch that

for all n Ne Ian Ll E and for all n Nz Ibn M SE
Restated for all n max NyNz

a L E 11 and bn M E 22
This for sufficiently large n an Life bn

But this is a direct contradictionof the given condition ant bn for all n
Since the assumption M led to a contradiction we musthave LEM

2 Section 2.5 Exercise F
Part a

use the binomial theorem to expand

teen 1 7 an 2 an 1 a

the higher order terms are positive because an 70 for n 2

Subtracting 1 from bothsides

1 eta 1 Y cn 2 a too 2 x x

has in a 1
dividingby

an

Dart b



We kno from the above solution to part a that son nth 1
Satisfies

a Here as n a 0 thenumerator becomes enormers

Here x 0 which necessitates an 0 This

n than 1 as n or

11 1

3 Section 2.6 Execrse F

Part a

xo Q

ante an b for n 30

xi b ftp y 1Fioen
We are also told that b 0 and we know that an 0

We thus know that It bx 1 Then

1 en senty an

This is a demonstration that an is strictly monotonedecreasing

Part b
We should first think about what the limit could be

Do Q and we lend that a 0

at n d see Fibro it seems that each
consecutive term scales theat n 1

y
s

y
precedingterm by 1 5

We knew that b is a positive number Thus it follows inducticely that
all an are positive We also know however that an is a strictly
decreasing sequence The combination of these 2 observationsmandates that
In must be bounded belowby zero

The monotone convergence theorem states that a decreasing sequence that is boundedhas



a limit

I call this limit L Applying the limit to the sequence are sites

IPa
n If Solving to L as is done in the textbook

b 1 so Lb 1 so 1 bl 1 so bl 0 this

2 0 The limit being zero is in line with findings from part a which outline

that all the terms of the sequence are positive whilethe sequence is strett

monotone decreasing

4 Suppose that hi in L Show that I b
t

L

Is the converse true Hint consider the sequence an 11
I split the some at some index N

Now because art an is a fixed sum while n grows the
denominate explodes as n

ey.tn o es n s

Since himJoe L we can choose an N so that for all k N ar lies

within E of L Hence for n N

2 e n N 1 Kanty to tan Lte n N 1

1 Dividing by n

E anmtj.IE se
As a the factor 1 so the tail average condenses into
L e Lte

2 This tells us that the limit is indeed L because can be made
arbitrarily small So



lim
m ᵗj L

As to whether the converse is true that is if the overages convergedoesthe
sequence en have to converge to L

I note from the provided hint that the sequence an 11 does not

converge since it keeps jumping between 1 and 1 This is the case

despite the fact that the average of the sequence 1 1,1 1 does
converge
Overall the statement that liman L implies him Ieu L is free but
the converse fails
5 Section 2.7 Exercise J
Dart a

By the definition of a limit of the infinum of an we let

L limitan t.im itusem

We then define the sequence In it m

It represents the infinum of all the tens an care do

By definition then him s n L As n increases the infinum can only go up or stay
the same Hence Yuk 925935

Applying the definition of intimum for each k there must be some term am with

an 3k whose value is at most gut
That is am Kya for all k where mak

We denote the choice of the above m by nk defining na so that it's strictly increasin
n k thereby making any a valid subsequence

18 has 235 so that nk k

Then the constructed system allows us to state that for each k

because we specified that na 2k and thisthe infinum increases

because you is the infinum of all terms from the index an onward so if cannot
exceedany

11 I



particular index knk
because as per our construction at the beginning senatyk

Now since ye L and ya I L the inequalities yukner gut I can be interpreted
via Squeeze Theorem to suggest that sena also converges to L

him any L
K

We have this succeeded in demonstrating that there is a subsequence tank that
converges to the limit of the infinum

Dart b

A similar reasoning can be employed to tackle this question
First we define

M timespan Ifn m

Wethen construct an the supremum alternativeof you fromthe last question

In P em and 1m 2n M

Le It mustbe the case that 21 22223 since the supremum can only decrease

or stay the same as the index n grows

Vow for each n since 2n is the least upper bound of an anti we can

sick some en n so that

ten 2n

To constrict a proper subsequence we choose let 125000
We get the resulting system

2n TacentZen 5 2n
From here we can infer that since In n zen is one of the tail suprema so zen 2n
As n then both an and an I converge to M These surrounding seen in the
above inequality we can applythe squeeze theorem again to state that xp M

We havethus successfully constructed a subsequencethat converges to himsup In

6 Section 2.8 Exercise B

Take an in Then ante on inte ith

E
Here as a a thedenominator FM it frees infinitely large Thus



1p latte Tol 0 the 1 becomes insignificent

1 This can be reexpressed as kimalanta an 0

No foranyreal number t one can pick an n it to make I 1 Thus fin
gras beyond any finite boundand does not converge

7 Section 2 9 Exeerses B and E

Exercise B

To see that the intervals 0,1 and 1.0 are the same size Idemonstrat
a 2 may bijection and apply the Cantor Bernstein theorem

One explicit bisector is the standard logistic map

f 0,1 IR with Hac en Ee
For each see 10.1 the ratio Ex is a positive IR so In Fa prorales
all positive real numbers as x increases in 10,1
lets a Ot of and en Ee a

As a 0 I as and In Ex c

The above statements satisfy that f is a continuous bijectionfrom 10,1
onto IR This in turn means that 10.1 and IR have the same cardinality

Von to show that 10,1 has the same cardinality as 0,17

Consider that every se in 10,1 is inherently also in 0,11
IConsider also that to construct the injection 0,17 10,17 we need a system

that pushes the endpoints ever so slightly inside the interval For instance

hla
for Over

Else 1 for E TX K1

This function is one to one and it satisfies the interval 0,1

Von because we have injections both ways the Cantor Bernstein theorem



mandates a bisection between 0,1 and 0,1 Here theyshare the same cardinality

In step 1 however we shared that 0,17 has the same codinality as IR

Therefore all three sets 0,17 0,1 and IR are in one to one correspondence

with each other or

0,1 0,111 1121

Exeerse E
A polynomial of nth degree can be worthen as

an an ne tax do where each ai I and an 0

The integer coefficients can be written as an an y 9 a finite tople
You see each polynomial corresponds to a finite sequence and the set
of all finite sequences of integers is countable we note that there are only
countably many such polynomials

Voc suppose that is a real root of some Pla of depree n That polynomie
may have up to a roots in IR which can be listed in increasing order

We can assign to α the extra information about which real root it is in

the ordered list

paf if α is the smallest real root p 2 if it is the next consecutive
root etc

Then α is encoded by an an 1 Q P again a finite

sequence of integers

We know that different algebraic numbers get distinct representations Wethus
have an injection from real algebraic sequences to finite algebrave
sequences

Because we have embedded the algebraic numbers into a countableset
the set of all finite sequences of integers itfollows that there are at
most countably many ofthem

I



Reexpressed thesetof IR algebrae numbers a countable set
Here the algebraic numbers form a countable subset of IR


