C. Provethatifa, <b, forn>1,L= lima,, and M = limb,,, then L <M.

In—:00 n—oo

F. (a) Letx, = {/n— 1. Use the fact that (1+x,)" = n to show that x> < 2/n.
HINT: Use the Binomial Theorem and throw away most terms.
F. Leta,b be positive real numbers. Set xg = aand x,.1 = (x;' +b)~! forn > 0.

(a) Prove that x,, is monotone decreasing.
(b) Prove that the limit exists and find it.

4. Suppose that lim,, , @, = L. Show that

, +oet
lim & + a2 a"=L.

n—o0 n

Is the converse true? Hint: Consider the sequence a,, = (—1)".
J. () Suppose that (x,),_, is a sequence of real numbers. If L = liminfx,, show that there is a
subsequence (,t,,t)::] such that ‘!im st =L

(b) Similarly, prove that there is a subsequence (.r,,, )7=| such that Ilim Xy, = limsup.x,.
B. Give a sequence (a,) such that lim |a, —a,. || = 0, but the sequence does not converge.
n—eo

B. Show that (0, 1) and [0, 1] have the same cardinality as R.

E. A real number « is called an algebraic number if there is a polynomial with integer coeffi-
cients with & as a root. Prove that the set of all algebraic numbers is countable.
HINT: First count the set of all polynomials with integer coefficients.
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