MAT336

Homework 3 Questions

1.

Section 3.2, Exercises C, D, E, L.

C. Eulerproposedthat1 —244 -8+ ... = E (=2 = ﬁl—.,l = —L . What is wrong with this?
n=(} - .

Ji—; be a monotone decreasing sequence of positive real numbers. Show that the series

D. Let(q, [\

oo
Y a, converges if and only if the series ¥ 2F dyk COTVETZes.
I

[ =0

. Loo= ] . .
E. Apply Exercise D to the series }, — for p == 0. For which values of p does this converge?
1 n
m“
L. (a) Find a convergent series } a,. with positive entries, such that lim {/a, = 1.
[T

n=1
(b} Find a divergzent series with the same property.

Dirichlet’s test for convergence says that, if the partial sums of the series Y7 |
are bounded and if the sequence (y;) is monotonically decreasing and converges to
zero, then the series Y7 | xpyp converges.

(a) Prove the Dirichlet test using the fact that

b

T
3wkt = snyni1 + Y sk(Uk — ki1, (1)

k=1 k=1

for all n > 1, where s, = >}’ 2. You do not have to prove formula .
Hint: Prove that » 7, s.(yx — ¥r41) converges using the comparison test.

(b) Show that the alternating series test is a special case of Dirichlet’s test.

3. Section 4.1, Exercises G, H

G. Let x and ¥ be two nonzero vectors in E2 and let the angle between them be 8. Prove that
(x,¥) = ||x|||ly||cos®.  HINT: If x makes the angle & with the positive x-axis, then x =
([[x)|cos e. ||x|| sine).

H. Fornonzero vectors x and y in R, define 8 by ||x[|||y/|cos# = (x.y). and call this the angle
between them.

(a) Prove the cosine law: If x and y are vectors and @ is the angle between them, then

ol ol 2
Ix+y11% = x|+ 2 x] [y [cos 8 + 3]
(b) Prove that (x.¥} can be defined using only the norms of related vectors.

(Bonus) Prove that the series

1 1 1 1 1
E = + + + + e (2)
r—n r—1 r+1 -2 ax+2
nez

where © ¢ 7, is conditionally convergent. Hint: To show that the series @ is
conditionally convergent, combine terms to create a new series, which you can
then show is convergent by the comparison test. To show that the series @D is not
absolutely convergent, use the comparison test again, but this time, compare the
terms to those of a series which you know diverges.
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