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Homework 3 Questions 

1. Section 3.2, Exercises C, D, E, L. 
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MAT336 Homework 3
1 Section 3.2
Exercise C

The problem with Euler'sproposal is that the series

1 1 2 1 2 4 8 000 doesnot converge

We can see this by examining the partial sums Isn
Sy 1 52 1 2 1 53 1 2 4 3 54 1 2 4 8 5 55 1 2 4 8 15 17

As visible the sequence of partial sums oscillates between the positive and negativeandgrows
unboundedly Since the sequence ofpartialsums doesnot converge the seres mustdiverge

Eulerarrived at his proposition by applying the formulaforthe sun of a geometric series

Ifr for l l 1

However in the case of the proposed series r 2 which is outsidetherangeof convergence Irl 1
Thismeans that the formula does not apply and the sum is notwelldefined

Euler's incorrect application of the geometric series sum formile ledhim to the sum
Exercise D
An observation 12 a u sums the terms an at indices 2 butmultiplies themby 2 creating a
doubling effect
Consider now the sum of terms between powers of 2

so man
a Since an is monotonedecreasing wehave

Qzk an 92km 1 for 2 n 2 _1

We can now estimate Sy
241 2 age 1 Sk E 241 2 92k
Now since 2 2 2 we obtain

2 agked I Set 2 age We havethe comparson we need but we express it as sums

2 again II an 742 24
k O

We know that if Ian comergesthe right hardseries most also converge Conversely if 202
converges then Ianmustalso converge
Thus the two sores converge if and only if each one of them converges

steerse E
From exercise D we established that II an converges if II 2 an converges and vice versa



Applying this to the series in exeerse E we set

an Thus the secondseries in our inequality becomes 2 an 2 p 2 2 P 2k P

We can observe that the geometre series II 2 hasthe common ratio r 21 P

We alsoknowfromcalculus that I r converges ifandonly if 101 1 whichgives 12 PIT1

We are given that p 0 so we know that 21 P 1 and a logofboth sidesgives 1 p 0
Thus p 1

Given thattheconvergenceof II is equivalent to the convergenceof 1 2 fromexercise D and having

established that the latter converges if andonly if p71 we can state that If I converges ifandonly
if p 1

tererse L

Part a

The root test states that for a series Ian we examine L limsupien end if
LT 1 the series converges absolutely
L 1 the servos diverges
L 1 the test is inconclusive so another methodmustbe used This is the seres in the
questionwherehim 1

We can try implementing a p seros testwhich states that I converges if p71
Take IT In this case p 2 so the seres convergesLet's see if this can be applied to theseries
fromthe question

111 Ian limit Then IF n thistends to zero as n a Thushim 1 which
is the same as thegiven seres so thetestworks

The convergent serres is this II
Part b

Take the classic harmonic serres Is I seen in the course so far
We knew that according to the p series test I p diverges if PE1 Here It implies p 1 implying
that the serresdivergesWe can verify this

him I his IF a which alsotendsto zero as a Then him 1

This the condition is satisfied andthe series Is I diverges

2 Question 2
Part a

The given identity is I.nuyu Snyare IIskya Jan
Nowsince sn is bounded there exists a numberM so that Isn's M for all n
Additionally since you is monotonically decreasing and converges to zero we can state that

1imsugary 0

Onto thesecondterm we can note that yn gate is positive andforms a telescoping sum Then remembering that s
is bounded we can wite 15k yr gun KM lyayural



Thecomparison test tells us that since yn gut is a telescoping sum and converges so does sulykJu

Now sinceboth terms on therightsideof thegiven identityconvergetheleftside anyu converges as well
supporting theDirichlettest

Part b
The alternating seres test states that if two conditions are met that is if
1 yr is monotonically decreasing andconverges to zero and
2 xk 1

then 1 ye converges

Let's think aboutthis with regard to the Dirichlet test

First thepartial sums of an 1 are bounded sn II1 1 k sincewe knowthatthisoscillates

Secondthesequence ya is monotonically decreasingand tends to zero

Both conditionsof the alternatingseries testsatisfy the Dirichlettest so the former is a special case
of the latter

3 Section 4.1
Exercise G

The hint states that if I makes an angle α with the positive y axis then I 11 11cos 11511sin a
Similarly if ymakes an angle β with the positive x axis then 5 11511cosβ Hylls.nβ
Theanglebetween x and y is then 8 B α

We can applythe standarddotproductdefinition to x ̅ andg
x ̅ g 11711cos 11811sins 11511cosβ Hyllsinβ

I Ill11ill cos cost 11 i sinas β
factoryout11111511

1171111511 cos cosβ sin sinβ
applying cosβ α cos cosβ sinasinβ

1181111511cos β x

11Ellyll cost

Wehavesuccessfullyproven thatthevectordotproduct x ̅ y is equal to 1151111illcosd

Execrse H

Part a
Take the normsquared identity 11a yll tity x ̅ 77

Wheelie c i a iii rienÉéé in eexpansion
5112 118112 2 x ̅ 7 Hill We have shown in exercise G that x ̅ It 1181111911cost This

115112 21181111511cos0 Hill

Arriving at thecosinelawfor vectors proves it

Part b

Consider 118 5112 118112 2 x ̅ 7 115112 and 118 5112 118112 2 x ̅ 7 11511
Adding these two yields

118 511 11E 511 211112 2115112 2 117112115112



Dividing by 2 pity 122 11 7112 115112 114112

We can see thataddingthesquarednormequations isolates 115112 Hill
Let'smove on to thesubtractionof thenorms to see if we can arrive at an expression with ticYY

11x ̅ 7112 115511 118112 2 x ̅ 7 11742 1118112 2 x ̅ 7 11742

2 t.it 1 4 2 54 11411

This we can write p 1177112 1127112
4

Wehave now successfully shownthatthe dotproduct can be expressed purely in termsofthenormsof related
vectors

Question 4

Let's first negate absolute convergence Note that a seriesan is absolutely convergent if Ilant converges
In our case we can observethat the series Incest behaves very comparably to a harmonicserve
forsufficiently large n
I Weknow that the harmonic series It diverges Nowbythe comparison test since IT it forlarge n
absolutevalueof the givenseries diverges Thusthegivenseriesdoesnotconverge absolutely

Let'snow check for conditional convergenceWe can reunite theseresbypairingthe termssymmetrically about se

aim stn This reorganisation is useful because for large n thetwoterms are nearlyequal in
magnitudebut sincetheyhave opposite signsthey cancel out

Now each component of the new series can have its denominates approximatedby a firstorderTaylorexpansion
1 sin niet 1 E 1 0in3

2 I net 1 72 0 n 3

Adding thesetwo approximations In E 1 oct 3

Thisresult is importantbecause it demonstrates that at large n the dominant behaviour ofthe
sum is akin to a convergent p series

I Since I 12 converges p 2 1 andsince the sum in the question seres isapproximatedby
a comparable 21 the bipartite seres we constructed i e IT in sin alsoconverges
bythe comparison test

Wehave initiallyestablished thattheseriesdoes notconverge absolutely but we justshowed that theseriesitset
does convergeThus the seres has to be conditionally convergent


