5.1 Exercises G and H

G.

H.

Suppose that f: R" — R is continuous. If there are x € " and C € | such that f(x) < C,
then prove that there is ¥ > () such that for all y £ B,(x). f(y) < C.

Suppose that functions f.g.h mapping § C R" into R satisfy f(x) < g(x) < h(x) for
x € S. Suppose that ¢ is a limit point of § and lim,_, f(x) = limy_..A(x) = L. Show that

limy .. g(x) = L.

5.2 Exercise A

A.

Let A be a subset of R". Show that the characteristic function y,4 is continuous on the interior
of A and of its complement A’, but is discontinuous on the boundary dA = ANA’.

5.3 Exercises K and N

K.

N.

Show that f:R" — R" is continuous iff f~!(C) is closed for every closed set C C R™.

Suppose that f: B — & satisfies the functional equation
flu+v)= flu)+ f(v) forall wuwyveR.
(a) Prove that f(mx) =mf(x) forall x €« Rand m € Z. HINT: Use induction for m > 1.

(b) Prove that f{x) = cx for all x € {J, where ¢ = f(1). HINT: Use (a) to solve for f(p/q).
(c) Use (b) to prove that if f is continuous on [E, then f(x) = ¢x for all x € E.

5.4 Exercises E and J

5.4.3. THEOREM. LetC be a compact subset of R", and let f be a continuous
function from C into R™. Then the image set f(C) is compact.

PROOF. Let (y;),_, be asequence in f(C). We must find a subsequence converging
to a point in the image. First choose points x; in C such that y; = f(x;). Now
(Xk)r— 1s a sequence in the compact set C. Therefore, there is a subsequence (x,)
that converges to some ¢ in C. By the continuity of f,

Thus (yy, ) converges to f(e¢) € f(C), showing that f(C) is compact.

limy, = lim f(x;) = f(limx;.) = f(c).

This immediately yields a result often used (without proof) in calculus.



5.3.1. THEOREM. For a function f mapping § C R" into R™, the following
are equivalent:

(1) f is continuous on S.
(2) For every convergent sequence (X;);_, with Alim X, =ains, gim f(x;) = f(a).

(3) For every open set U in R™, the set f~'(U)={x€S: f(x) €U} is open in S.

E. Show that f mapping a compact set § C R" into B™ is continuous iff its graph G(f) =
{(x,f(x)) :x € 8} is compact. HINT: (=) use Theorem 5.4.4. («<=) use Theorem 5.3.1 (2).

J. Let A be a compact subset of ", Show that for any point x £ ", there is a closest point a in A
to x; i.e., a € A satisfies |[x —a|| < ||x—b||forallbe A. HINT: Define a useful continuous
function on A.

Question 5

5. Show that a uniformly continuous function preserves Cauchy sequences. In other
words, show that, if f: 5 — IR™ is uniformly continuons on some set 5 C R", and
(x,) 18 a Canchy sequence in S, then {f{x,)) is a Cauchy sequence. Use this to
prove that a function [: (a.b) — R is uniforily continuous if and only if it is
possible to define values f(a) and f(b) so that the extended function f: [o. 0] — IR
is continuons on [a, b

Question 6

6. Suppose that f is a function from the cirele 8! = {x € R* : [|z|| = 1} onto R.
Prove that [ cannot be continuous. Hint: Create a continuons lunction from the
interval [(), 2] to the circle.
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