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MAT336 Homework 4
Section 5.1

Exercise G

Since f is continuous at x for every E O there exists a 5 0 suchthat

Hy all 8 fly fall E

We want fly C Since we knowthat fla re can set C fla
Becauseflac C we can cite that Now if f y stayswithin Σ offlatthen fly mustremainbelow2Wecanthis
applycontinuity

Continuity at a implies thatthere exists a 8 0 such that llysell 5 fly f all re
plugging in our constructed

Iffy f e l C fla
From Ifly fall now we get 2 inequalities

C f a fly f x C flu
Focusing on the upper board this becomes

fly fle C flae fly C which is that we need

We have shown that if we pick r 5 then for all ly d r it follows that fly C

Exeerse H

floc kg x hla sub h x flx h x pls

g is at leastas large as fla hx We know that timethe and fights 0 Then bytheproperties of
limits we can say

1 to heal Linette fights L O L

Von since f x hee glad it follows that1mintfloe hla him.intelse

But we alreadyknowthat 1 fla h L Hence L Lmfao ha lights x

In other words gla cannotbe consistentlysmaller thanfloe h x in the limit becauseflu hx L

We can conclude that if the limit Timplaexists then kimplc L

Saythat it is onlyknown that thelimit inferrerofgbc existsStill then faintpla L which is enough to
determine that g a does not dipbelowL

Section 5.2
ExerciseA

We know from the course that a point a e int A meansthat thereexists some radns r o sit the
penball Brb is completely contained in A Brac A

Because every ye B e lies in A we haveXaly 1 for all y Brac In otherwordsXa isconstant 1 1 in the



stiretyof Brca
or a functionthat is constant on a neighborhood around a is necessarily continuos at x Formally forany E 70pickingS r we can say that for all y with lly all 55
1 1 y Xala 11 11 0 E

YE iffy
thatAA is continues at a Additionally since se was on ebitorypoint in int t Xa is continuous on the

n terms of the continuity on int A a point at int t means that thereexists some radius r 0 sit Brto cut
We can restate this as

B a n A

Now because every y B a Ires outsideof A we havethat Xaly 0 forally Br a Se Xa is constantonBr x

From here we can follow a similar reasoning as above

Italy Xa x 10 01 O E

Thensince as was on orbitrory point in intA Xa 3 continues on theentire interior ofAC

estly we have to address discontinity at OA

We knowfrom lecture that x is on the boundary out if every neighborhoodof x intersects bothA andA

Because the neighborhood ball Brb meetsbothit andAStherehere to existpoints y arbitrarily close to
Ihherfey A 1 these are in A as well as points a arbitrarily close to a there A 2 0 these

Newfor Xa to be continuous at we havetomake Xaly arbitrarily close to Xa x by choosing a y clos
to x

Where we run into a conflict is that if a it then XA 1 but no matter howsmalltheball
around x there are points in that ballforwhich XA 0 Conversely if a A thenXa x 0 but
again no matterhow smalltheballaround x there are points in theball for whichXp 1

In bothcases we can find points in every neighborhood around a whereinXAdiffersfromXalsel Hence
we cannotmake Taly close toXale for all y around x it violates the e orcontinuity condition

Thus XA is discontinuous at everyboundary point a 0A

Section 5.3
tererse K

We will prove this scenerro by first assuming that f is continues
We can also note that the complement of a closedset C in IR is an openset say U C Wethen
now that

f U f Cc is open in IR

We can also clear up that thepreimageof thecomplement is thecomplement of thepreimage i e

f Cc f c

Because f C is open its complement f C must beclosed Hence f C is closedforeveryclosedset C

We now have toprove the other direction that is he want our conclusion tobe that f is continuous

Assuming that f C is closed for everyclosed setC we need to sha thatthepreimageofevery op
set is open



Start by letting Vc RMbeopen Then its complementV C is closed By theproperties ofsets
f c has to be closed in R Here its complement If_ c is open in IR

f CDC f C f V

Wecan no concludecontinuitySincethepreimage of every open set V is open f is continuous

We have shan theequivalence that f beingcontinuous implies f C is closedfor every closedset
in C and vice versa

tererse N

art a

t the base case m 1 f 1 x f x and thestatement f 1 x 1 f x is trivial

Von fer m 32

funethatecan manipulate f 1m 1 x m 1 flu Then via theprovided functional equations

f mx f m 1 actsc f m 1 x f x

he induction hypothesis in this case is f m 1 e m 1 flu Therefore

Hmx m 1 flse flx mf x

So our inductionproof is complete for all pertive integerson

Ven for m 0

ettinguTO.me get f10 x f10 0 0fbc

on for m 0

Tmkwhr k 0 Then flux fl Ka
We have the additiveproperty in IR i e f x f x Then

f Kse f Kx Wealso already sharedfor an 0 that f Kx Kffx Thus

f Kse kffa Since m kx it follows that f mx onfloc

Wehave shown for all integer ranges that f ma infla

at b
We have just established thatfla inf 1 for all ne 2 Wecan let c f t and say that f n on for all
n E Z

or positive denominators in Q

Isidenintegrmapositive integer n and f t We can say that nf E f n E f m
But in our case f m con Here

n f E em f E 1 c this th chin

hgt ftp.a.ttandapply the same logic as aboveWealso

e have shown that for all rational a I with n 0 flu ex



art c

We know fromweek 1 that Q is dose in IR andthatfor x R he can pick a sequence of rational
umbers an such that an x as n

To apply continuity tothis we can say that knowing f q can foralln andgiven continuity of f on

1 oten f t.im 9 flad

But first en him an Cx

This allows us to concludethat the x for all x IR

Section 5.4
teerse E

We have to construct a 2 way proof

1 Proving that if f is continuousthen G f is compact
2 Proving thatif Glf is compactthen f is continuous

fFahethemap G S Rntm G e locflat HereG is continuous becauseboth x andfla are continues

Now it is commonly known that thecontinuous imageof a compact set is compact Hence Gf iscompact in 111ᵗʰ

001
We can startoff by noting that in IR any compactset is closedSo G f is a closedsubsetof IR

m

prove f is continuous on S we can think in terms of sequencesand say that f is continuous if andonlyherever say se in S it implies flag floc in IRM

Let's assume a sequence sea x in 5 Because an x andbecause S is contained in some closedbound
region we can anticipate that acuflag has a convergent subsequence and we can think about its limit

If xu flacal x y in R
t
the limitpointmust lie in G f because Glf is closed

But x y E G t means that y flac

We can thus concludethat lock f a x flat in IR This impliesthatflu fla in IR Thus f
is continuous at a Since I wasarbitrary in S f is continuous on all of 5

Wehave shown both initialdirections i e that f being continuous on S implies that G t is compact in12 and
Teresa

verse J

et's define a function as per the hint g A IR g a 11x all

Theconstrictionofglalallows us to think about it as the distancefrom a to thefixedpoint x Ourgoal istosho
that g attains its minimumvaluesomewhere in A That is thatthereexists a a EA so that

g at mainasta

et's firstverify that the distancefunction is continuousWecouldapplythetropleinequality it is often approable in distance function

By the reversetragle inequality

11x all Ilse a'll He a'll



Now let ETO be determined so that I E is chosen Then if 11 a a'll so itfollows that

g a gla 11s all 11s a'll it 11a a'll E

This shows that for every 20 thereexists a S E such that 11e a ll d g a g a re
Here g is continuous on A

We now need to find a way to showthattheminimumofthe function is attained reached in A

first take the intimum of g on A Let

m 8 e

Bydefinitionof the intimumthen there exists a sequence au cat s.t

glay on as k

Nowbecause A is compacteverysequence in A has a eavergentsubsequence Hencethereexists a sutsequence an
an that converges to somepoint aEA
Additionally since g is continuous we have g an g a

But since plan is a subsequenceofglay andme kna g au m it follows that g at m Thereforethe
minimum value m is attained at thepoint at EA

Question 5

Tort1 Showing that a uniformly continuous functionpreserves Cauchysequences

Let'sfirstclear up the definitionof uniform continity I being uniformlycontinuouson S means that

Ie all 0thereexists a J O s t I x yl d 11ffa f y l E for all x y es

We can also recall the definition of a Cauchysequence

Forall 5 0thereexists an N E INs t Ilen xml s

We can interactcombine the twodefinitions
Given ary E 0pick the corresponding 5fromthe uniform continuity off
Sinceher is Cachythere is on NS.t for all n m N 11seasimiles
Byuniform continuity 11f an flam11E E for all n m N

We can notice that flan satisfiestheCauchy criterion in IR Therefore flan is a Cautysequence

ort2_ Characterizing Uniform Continuity on a b via a Continuous Extension to a b

he claim that thispartof the questionmakes is that a function f ab IR is uniformly continues on ab if dong
f we can definevalues f a andHb so thatthe extendedfunction

I a b IR Ila ᵗt É is continuous on theclosed interval a b

isprobably best to proveeachdirection separately

1 That if f is uniformly continuous on a b then f extends continuously to a b

Takeany sequence an in ab withan a Then an is a Cauchy sequence sinceall convergentsequences in IRare
Cacety

In Part 1 we have shown that sine f is uniformlycontinuousflan is a Couhysequence in IR Here flan converge
to someL E IR



If we were to take another sequence yn withyn a you couldsimilarlyarguethat f yn converges to someL
Uniform continuts thenforces 1m.atan 1imflyn Thisthe limitis well defined

We can define f a L This ensures continuity at a a becausef.im tta fle

Bk the ftp.mqsymeenyy.it ten is any sequence in a b thatconverges to b thenthesequence flan isCachyin

Then defining b M we have Yim_flu f b

Extending f toJ on a b bythese voles at theendpointsmales I continuous on a b Hencewe have shown thefirst
direction Now onto the second

That if f extends to a continuous f on a b then f is uniformly continues on a b

We know that a b is compact in IR TheHeine Center theorem then states that a continuous function on
a compact set is uniformly continues on that set

However since I is uniformly continues on the entire interval a b itsrestriction to ab mustalsobe uniformly contin
But this restriction in question is f as per thequestionsetup so f is uniformlycontinuous on ab

Wehave succinctlycompleted theproof in theotherdirection

By demonstrating that if extends continuously to Iab then f is uniformly continuous on lab andconversely that
niform continuity on a b ensures the existenceof continuous limits at a andb allowing for a continuous extension
a b we havefullyestablishedthe equivalencestatedin Question 5

Question 6

We can tell thatthe set S is compact in IR Then we can define a continuousmapfrom 9251to 5
as per the hint

g O 25 St 918 cost sind
Themap is continuousand g 0,25 St

Now if f were continuousandonto then fog 0,25 IRwouldbe a continuous surjectionfrom thecomp
interval O 2.7onto IR

But we arrive at a contradiction i e that the imageof a compact set must be compact
Lela our case IR is not compact Thus If g 0,21T cannotpossiblybe allof IR This contradicts our earli
assumption that f is onto IR

e contradation means that no continuous onto map f 51 IR can exist


