1. 6.1. Exercise F

F.

Prove the product rule for functions f and g on [a,b| that are differentiable at xo.
HINT: f(xo+h)g(xo+h)—f(x0)g(x0) = (f(xo+h)—f(x0))g(x0+h)+f(x0) (g(x0+h)—g(x0)).

2. 6.2 Exercise D

D.

Suppose that f is C* on (a.b), and f has four zeros in (a,b). Show that f*) has a zero.

3. 6.3 Exercise H

H. (a) Show that if f > 0 is Riemann integrable on [a,b], then [ f

(b) If f and g are integrable on [a,b| and f(x) < g(x), prove that ff 1l
(¢) Show that

2 Fx)dx] < [P |fF(x)] dx.

4. 6.4 Exercises C.(a), E

C.

x)dx = 0.

x)dx < jf g(x)dx.

{a) Prove the Mean Value Theorem for Integrals If f is a continuous function on [a,b|,

then there is a point ¢ € (a, b) such that — fﬂ flx)dx = fle).

E. Let f be a continuous function on E, and *;uppu*;e that b(x) 1s a C' function. Define Glx) =

Jf[-‘-‘] flryde. Compute G'(x).  HINT: Let F(x f“ f(t)dt and note that G(x) =

A set A C [a,b] is said to have content zero if, for every € = (), there exists a finite
collection of open intervals {0y, Oy, ..., (), whose union contains A and whose
lengths sum to € or less. Letting |();] denote the length of the interval O, we can
write this as

n e
AcC U () and Z 0] < e. (1)
i=1 j=1

Suppose that f: [a,b] — IR is bounded. Show that, if the set of discontinuous points
of [ has content zero, then [ is integrable. Prove that the Cantor set O deflined in
8d.4.8 has content zero, Use this fact, together with the fact that O is closed, to
show that the linetion

[l ifzec,
h{”_{ 0 fegC. (2)

is integrable, and find the value of the integral.

F(b(x)).



Consider Thomae's funetion

1 il =1,
Hry=¢ 1/n ifx=m/neq}, withmeZ"\ {0}, n e N, and ged{m,n) =1,
] if & ).

(3)

Prove that t is Riemann integrable on the interval [0,1]. Hint: Set ¢ = 0

and let N £ N be large enough so that 1/N < ¢/2. Define the set Dy =
{0.1, 5, 3.2, ... % &% ... Y72} Then, observe that {(x) > 1/N whenever x € Dy,
and that ¢(x) { 1,."1"'..r Gt]l?h'- ise. Create a partition P with mesh(P) < ¢/(2|Dy|)

such that Dy 1P = {0,1}.
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