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MAT336 Homework 5

1 Section 6.1
Exercise F
et f andg be functionsdefined on an interval a b that are differentiable at scot ab Wewant toprovethat the
lervative of their product h x flacplc at sco is
h no f no glaco f scog ao
Weknowthe definitionof the derivative from classandthat we need to evaluate the equivalent expression

h sco him thcothtgbc.tt fleolgl

We can recite the numerator

f o h gl.coth f o g o flocoth f o glacoth flaco sloth glad
This we can reexpress the entire derivative expression as

t o sloth flow skthyte
We have allowed that f and g are differentiable at no This we can comfortablysay thefollowing

flscothyff sfl.co as h 0

I8 ᵗʰ tf_ g to as h s o combiningthese three in the limitwe defined gives

sloth glao es has 0 him aol.hn lglo h fl.gs hth 8k

f'lco sko flacog'laco
y

Wehave effectively shown that fg x f cog ro flaco g x which is a proofof theproductrule

2 Section 6.2
Terese D
t seems like we're workingwithRolle's theorem Let f be a function in C2 on the interval a b Alsosuppose
that f has hseparate zero roots in a b Wecan classify these as

74 R see_sey all in a b

In this question we seek to demonstrate thatthereexistssome point say d sit f d 0

We can begin by applyingRolle's theoremto f We are permitted todo this because

flan flaca flag flag 0 as per our setupThus with f taking the same endpoint value

There exists a cyefey.sc such that f cy 0
There exists a C E acz.sc such that f cy D and so on for ay

We can deduce usingthis that f has 3 distinct zeros ca ca cg in ab We can this alsoapply Rolle's
Theorem to f on the sub intervals a c andCaCs
Theremust exist a de c cz s.t f de 0 and
Bythesame logictheremustexist a dat cz.cz s t f da 0



Wecan use this finding in turn to determine that thefunction f d has at least 2 distinct zeros
de.dz a b and in particularthere mustbe at least one d in a b with f d 0 Wehavecompletedtheproof a
thispoint

3 Section6.3
Exererse H
udently we are dealingwith a proof of 3 simpleproperties ofthe Riemann Integral RI

art a

function is Riemann integrable on a b if forevery O there is a partitionofTab s t the Riemann sums
f P are arbitrarily close to the same limit thevaluethatthe integralevaluates to
additionally if fla 0 for all a ab thenevery Riemann sum is non negative
The integral as the limitof these nonnegativesumsmustitself be non negative

We can arguethe same with lower sum notation

f P I see f sci scie

Heresince f 30 eachintimum is 20 so fP 30 aswellTheintegralis thesupremum ofall lower sums hence

fflatdie 0

art

We shouldanalyze f versus

sinceflac glse we know that g c flae 70 We alsoknowfrompart a abovethat ifa function is nonnegativ
its integral is nonnegative too Thus

fatala www.im ff de f fd.c o ffflddacif shes.l

Wehave proved the exactexpression from the question

art c

We have the bogie inequality that we can applyhere floe atfloc it Ifball

Nowsince ford Ifl can be integrated andgiventhat If x if a it If all holdsfor all act Taib we ca
invoke our insightfrom part b that is themonotonicityof integralsWe can specifically use it to deduce

f 1 If a 1 de f Ifselldac if a die if Ifsellobe

Thisimplies f flualso if Iffallelocwhich is theexactstatementfrom thequestion

Section 6.4
Exercise C a

Wecan thinkofthisquestion as thestatement provethatthere is a pointc where theconstantaverageweleof f on
a b equals the actualvalueof f

Nowsince f is continuous on the closedinterval a b we can applytheextremewele theorem andsaythatfattons it
minimumvalue m andmaximumcake M somewhere in a b

lence



me.aeythdandM IEisth
Therefore for all set a b onEffse i M which is intuitively trivial
Now integrating this inequality in thebounds of a gives

female ififlald.ci Malsc

Wecan reexpressthe aboveknowing that f male mlb a and f M M b a

m b a it ftp.fbelabe Mb a m it f thedx it M

Nowtointerpret this we can notethatthe intermediatecakeproperty tellsus that since fis continues on a b
and takes all valuesbetween an end M theremustbesome c in thesame range so that

f c if fla also

Wegettheexactexpression for theMeanValuetheorem that we were looking for

tererse E

We will show differentiability and compute Gla using the FTCandtheChamRule respectively

et Flu f t dt By theFTCthen F is differentiable with F a flu f is continuous

Applying this insight to G

G x f f t alt F ble

Nowsince Gla F ble bla we can apply the Chainrulefor composite functions

G x F ble b la

1 But F a flu as per theFTCcatline we made Hence

G x fble b x

Thus wheneverb is a Ctfunctionand f is continues G isdifferentiableand it's derivative is equal to

G x flb a b x

Question 5Provided

et's make a couple observations about the Centerset that we have firstseen in lecture in order to betterunderstand
he setupand requirements of thequestion

TheCenter set is constructedby repeatedly removingthe openmiddlethirdsfrom the internal O I It is

1 Closed contains allof its limitpoints
2 Uncountable it is countably infinite
3 Contentzero can be coveredby intervals whose total length is arbitrarilysmall In lecture we saidthatthe s
has area zero

Henceforth we will denote the Center set as C

Question 5 introduces the piecewisefunction h a I i withtheinternal O I

We can instantly tell thatbecause hla onlytakes on 0 or 1 1hallhas to be smaller than orequal to 1 to
all se so h is bounded

Now examiningwhathappens at eachof those points more closely



1 At x.ec
Every neighborhood of se contains points not in C At thosepoints h takes thevalueof0therebyjumpinfrom 1 at x
to Owhen arbitrarilycloseto x Thismeans that h is discontinuous at each se E C

2 At x C
Here a lies in one of the open intervals removed in the iterativeprocess of C There is a smallopeninterval
around so that is completely outsideof C In that neighbourhood h is zero So h is continuous at every se C

Thekeyinsight from this is that thesetof discontinuities of hrs preciselytheCantorset

Now sinceh hascontent area zero andthis is synonymous tothesetof discontinuities of h we knowfrom the
property of integrability that h is Riemann integrable

We now justneedto obtain f hadabe In Riemann integrationtermsand thinkingabout an area based computation
having a value of 1 on a set of content zero means that no area whatsoever is representedby the integral

We can capturethis ideaformally bymaking threesequential observations

1 We can cover C byfinitely many intervalsoforbitrarly small lengths
2 Outside of these smallintervals h x 0
3 Inside thesesmall intervals the contribution to the uppersumcen be at most 1 internallengths

butthese lengths can bemadearbitrarily close to length zero
This

f up a p
thismakessense If theleversum isequalto zero andthe uppersumcanbemadeobtronlyclos
to zerotheentire expression evaluates to zero

WE.skden etes ite.thwethe tsothe integral that the question asks for andhave showntheat the start laid at the conditions that make theCarta
set's content area equal to zero

6 Question 6 Provided
We will show that for any Esd there is a partition P of 0,1 sit theupper sum U t P is lessthan E

First however to determine that the provided function the is Riemannintegrablenotice that

The function is bounded Outthe 51
Discontinuities occur exactly at the rationalpoints and zero In every neighbourhood of a rational yo
can find irrationals when the function is zero as well as rationals wherethe function is small butnonzero
At irrationalpoints tsc is continuous

Therationalshave content area zero thesetofdiscontinuities resembling therationals in 0,1 andzero has content zero

Takingthese three together andapplying the criterion for Riemann integrability whichstatesthat a
bounded function is integrable if itssetof discontinuitieshas content zero he can deduce that tlac is Riemann integrab


