
MAT336 Homework 6 Questions  1 April 2025 

1. Section 7.7. Exercise 7.a. 

 

Hint: First, show that M is a Hilbert space. You can assume that H (and therefore M) is separable, and you can 

use without proof the fact that every Hilbert space has an orthonormal basis. 

2. Section 7.7. Exercise D. 

 

Hint: Notice that (a) = (b) follows from Proposi tion 7.5.10, and that (b) = (c) immediately. For (c) = (d) and (d) = 

(a), see the hint in the exercise. 

3. Dini’s Theorem Question 

 

4. Section 8.6. Exercise A. 

 

5. Provided Question 
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MAT336 Homework 6
1 Section 7.7
Exercise C Q

We know thatM is a closed subspace of theHilbertspace H so it mustalso be complete under the inn
product restricted to M Thus M is itself a Hilbertspace

Now because H is separable it has a countable orthonormalbasisHaving verified that MC H is a Hilbert
space itselfand taking from the questionsconstruction itsseparability it alsohas an orthonormal basis

We could now try extending the orthonormal basis en ofM toobtain an orthonormal basisfor all of H

en c en U false

We can now write any se H as an infinitesum ofprojectionsonto the basisvectors

x Inflecenten Effacifultie where kent represents the coordinateofse in thedirectionof en

We can splitthis sum into 2 parts

m In censen y I afu fu
TM intt
We still need to verify that the above is the case that is that m is in M and thaty is inthe orthogonal complementofM

We know that en vectors die in Mforming itsorthonormal basis
Wealso know that a finitecountablelinear combination of vectors that are all inside M 3 still in M

We can this say that thesum I aaccenten lies in the closure of thespanof en which itselfis M
Nowsince M is completethe limit of this sum is inside M too THEM

Nowonto y E M

Weknow that each fu is orthogonal to each en i e tween 0
Wealso knowthat in orderfor Mt to include x y mustsatisfy ly m 0 for all in e M

Every m e M can be approximatedby a finite linear combination ofthebossveetersen of M Hence we can
restrict our focus to justthecondition Ky enY 0 for all n

Since we know that y Int x ite fire and giveneachfu is orthogonal toeach en we know

sfriend 0 c which by the linearityoftheinner product implies

54Cny Interfu tuen Infofaystuen Inaifu 0 0

Thus y is orthonormal to all theen's thistoanym't M so y EM

What's leftnow is to verifythat the decomposition seem y is notonlypossibleIalso unique



Let's corstract two subdecompositions

1 x my Ye and withmymy E M and91,92 Mt2 x ma t 92

ISubtractingthem
x x my ye Mztyz my ma y1 92 0 Thus my my ye ya

my12 9,91 in
Mmt

Theproblem with this is that the long equationexpresses one vectorboth as something in Mandsomething in M
The only vectorthatsatisfies this is the zero vectorThis

M1 my 0 ye 92 0 so my my 41 92

Thisproves uniqueness

ntermsof the normidentity thefactthat m and
y are orthogonal li.e.im y 0 givesus a sort of

ythegreen formula of the form
11 112 tax Xmty mty Emmy Xmy Tymy 44,47

I Since mixy lymy D we can say

11 112 11m12 1111

1 This completes the proof we haveshown thateveryvector x EH uniquely decomposes intoan elementofMplus
an elementof Mt and that their lengthsobey theconvenient Pythagorean relationship

xeerse D

We have the following four conditions

a P is an orthogonalprojection
b I v11 IIPv11 11 v Pulll for all n
c IPull Hullfor all v
d Pv w KvPw for all v w

We will iteratively show that they are equivalent beginning with a b This obeysthe
sequential approach to provingseveralconcurent properties that ProfessorSerkh performed in lector

If P is an orthogonal projection then each wsplits as u Pu lu Pu and YPv 2 Pn 0

Fromthe propertiesof orthogonality we also know I v11 11Pa o Pu 112 11Pull 110 Pull

We have arrived at statement b

Von the other direction that b a

If it is true that 11112 11Pull 110 Pull forevery w EV then XP 2 Pu 0 Inotherwords Pr
is always orthogonal to I P w With P P thisperfectly meets the definition of an orthogonal
projection

We haveproved both directions so ontostep2



tep2 that

cd.coitI7 pY.states11vll2 I1Prl12 11 v Pull for all v Taking square roots of bothsidesgrants

this is precisely equal to condition c Onto thenext step

S That_ d

We need to showthat if P satisfies P P and IIPsell it 11sellforall x then Pu w Pu Pw for all s w

This can be reinterpreted as showing that XPu II P w 0 Here as per thegiven hint we can show
that if TPU I P 0 then we can have a neater se for which 11Psell Hall which contradicts
condition c

We can then proveby contradiction Assume that TPV II P wt 0 We can alsoassumethat
TPu I Play 0

Then define v Pw and w I P w

They w is in the imageof Pwhile w is inthekernelof P since Pw PCI P w Pw Pw PwPw

Now consider the set ofveetes alt v t w fer te IR Then

Pla t PC EPC u to v SoHPx t 11 Hulldoes not rely on t

At the same time Halt12 Hu tw'll Hu'll 2tSu w's t Ilwill

Because Sv O for smallenough 0 themiddleterm in this expression willshrink the value
of 11 14112more than the term t can compensate for In particular for sufficientlysmall 0

I salt112 Hul Hx t 1 Hill

However recall that 11Pa t11 Hu'llSo forthe small t values

IIPse t 11 11 1411 c This contradicts property a which says that 11PaCell Halt11forallsell
Here the assumptionSPV I P 0 was impossible mandating

SPs I P wt 0 for all v w PuWY Tv Pw

This c forces d and we haveproved by contradiction

FI.fi hshhtEpuE npwyfaellviw then P is a self adjointoperate i e P P
his fact interacted withthe projection property P2 Pmeans that Pmustbe an orthogonalprojection
In particular self adjointness combined with P2 Pensures that range P is orthogonal torange I P
Reexpressed this means that for each 0

8Pa u Pw 0 Hull IPull 11 Pun

Thisindicates that P is orthogonal

together we have shown a b d

Our proof is this complete



A Provided Question Dini's Theorem

Dart a

Because for f is pointwise we havefabe if f a for all n largethen some thresholdThus

a e floe false 70 for large n
her the fact thatfn is increasing in n at each se means that false false it

Substituting Sn f fn impliesthat gy a g a

We can thussay that gn's is a decreasing sequenceofnonnegative continuesfunctionson K converging pointurgeto zer

We can nowinferthat Dini'sTheoremis equivalent to sharingthat a pointwise decreasing sequence Sign ofnonnegative
continuousfunctions on a compact set K mustconverge to zero uniformlyThis is so iftheconvergence is pointwise

ort b

We willprove by contradiction and use thehint

oppose that all Kn are nonempty Then we canpick an kn for eachn

Because eachkn is compactBolzano Weierstrass tellsus that any sequence drawnfrom a compactset mis
have a convergent subsequence

We also knowfrom the nestedintervals lemme thatgiven kt k every tail ofthe sequence
an stays in alltheearlierKj's as wellThelimit ofthatconvergent subsequence must lie in every kn i.e

in Makn
Theproblem is that we assumed at the startthat Anka was empty so there's a contradiction
Wecan thus conclude that some knmustalready be empty so thatthe sequence cannot remain
nonempty indefinitely

art c

We can now apply our findings frompart b to show thatthe convergence g 0 is uniform

et's use on error term based approach and fix EZO so that we can definethe set kn which represents the s
points in K wheregabe is at least E

kn x K gn x E

or since g is decreasingwith n we have that gn 1 x ign a

This if x satisfiesgate a then automaticallygula fate a E
Thismeans that seeKate wouldimply a knHence Knee kn
Thus we can state thegeneral case that ke ke kg
t's see what other observations we can makeabout kn
First if gala 0 for each se K then for every E 0 eventuallygala e This x cannotstayin ol
of theKn's belonging to kn requiresgala e We can in turn deduce thateach seek is absentfrom
kn once n is large enough

We can thus state that Ekn
this point we know that each k is a closedset and using the above two insights we justme
but kn we can declare that because k is compact if all kn were nonempty and nested their
ntersection could not beempty

The fact that the intersection is emptynecessitates at least one kn beingempty



But then for any n N we know that gala kg be E which holdsfor all seek
Here's

upgala e for all n N

Thus enGe 0 uniformly on K

This discovery allows us to draw the finel insight since gn f fn thestatementg 70

uniformly is equivalent to fn of This completes the proof of Dini's theorem

4 Section 8 6
Exercise A
thequestion definesfalse a on 0,1 and B f E C 0,1 11711 51

We can instantly confirm that each for is continuous on 0,1 and11fall soupgloe 1

Thusfor EB for all n
We can also tell from the construction offalse that for has a pointuse nature

an
to 51

the limit function is thus eg glad
for art

for a 1
I 11 for x 1

The limitfunction is notcontinuous This then means thatfor cannot converge uniformly to any continuous
functionThejustification for this is three fold
1 Iffor were to converge in 11 110 the limit would haveto be continuous i.e some f E 0,1
2 Beingpointuse however thesequence implies a limit that is discontinuous at a 1

3 There cannot then exist a function f E C 0,1 that satisfies his fn flla 0

These observations allow us to state that fn has no convergent subsequence in the supremum
norm

We knowfromlecture
hey musthave

convergent'sIseaTestwshtos.ee fseefethetnetheyet.mstbeseaventrally compact i

Now because fn CB has no uniformly convergentsubsequence in B B fails sequential
compactness and is this not compact

5 A Provided Question
he backdrop to the question

Afamilyoffunctions fn of 0,1 is equicontinuas it for every E 0 there is a 6 0 s

for all n and all k y 0,11with lx y r 5 one can state

Ifn x fu g Is E
our setting fn isgivenby
false singI
Showing that fatal is earicontinuousuniformly in n seems like it could involve the MeanValue
Theorem We are working with a norm involving x and y after all



By the Chain Rules fi a sm men nest cosine

We know that Icos are I 51 for all n e
Now for any x y O I there is some point 2 between se and suchthat false fnly fin a be
Reexpressed Ifn a faly Ifn a x y I 1 lx yl
We can tell that the upper bounddoes not rely on n

Here we can assertain that for every 0 if x y l s s E then

Ifnbe faly la yl E

Thisworks simultaneously for all n Thus Efn is equicontinuous


