MAT336 Homework 6 Questions 1 April 2025

1. Section 7.7. Exercise 7.a.

C. If M is a closed subspace of a Hilbert space H, define the orthogonal complement of M to
be M~ = {x: (x,m) =0 forall m € M}.
(a) Show that every vector in H can be written uniquely as x = m + y, where m € M and
y € M. Moreover, ||x||? = ||m|]> + |lv]|*.

Hint: First, show that M is a Hilbert space. You can assume that H (and therefore M) is separable, and you can
use without proof the fact that every Hilbert space has an orthonormal basis.

2. Section 7.7. Exercise D.

D. Let P be aprojection on an inner product space V. Prove that the following are equivalent:
(a) P 1s an orthogonal projection.
(b) ||v||> = ||Pv||® + |lv— Pv|]® forallve V.
(c) [[Pv|| < ||v| forallve V.
(d) (Pv,w) = (v,Pw) forallvywe V.

HINT: For (c) == (d), show that nor (d) implies there are vectors v = Pv and w = (I — P)w
such that (v,w) > 0. Compute ||v — rw||? — ||v|? for small # > 0. For (d) == (a), show that
(Pv, (I —P)w) =0.

Hint: Notice that (a) = (b) follows from Proposi tion 7.5.10, and that (b) = (c) immediately. For (c) = (d) and (d) =
(a), see the hint in the exercise.

3. Dini’s Theorem Question

(Dini’s theorem). Suppose that f, — f on a compact set K C ™. Suppose
that, at each » € K, (f.(x)) is an increasing sequence. Show that, il f, and [ are
continuous on K, then [ f,) converges to [ uniformly.

(a) Let g = f— fu. Translate the hypothesis of the theorem above into statements
about the sequence (g, ).

(b) Prove that, if K1 2 K2 o --- is a sequence of compact sets in R™ and
2 ] = 0, then K, = 0 for some m € N. Hint: Suppose that K, # @ for
all n € N. Define a sequence (x,) where r, € K, for each n € N, and use
this sequence to prove that M2 K, # .

(¢) Let € = 0 and define K, = {r € K : gq(x) = ¢}. Show that Ky 2 Ks 2 ---.
Use this sequence of sets to prove the theorem. Hint: Use part (b) to prove
that g, — 0 uniformly.

4. Section 8.6. Exercise A.
A. Use fu(x) =x" on [0, 1] to show that B = {f € C[0,1] : || f|| < 1} is not compact.

5. Provided Question

Prove that the sequence f, = sin{nr)/n is equicontinuous on [0, 1]
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